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1. Introduction
An independent set in a group G is a set of elements such that no element in
the set may be generated by the remaining elements. A minimax set for a groupG,
denoted by M(G), is an independent generating set for G of maximal size; µ(G)
shall be used to denote the size of the set M(G). In Whiston’s paper [4], it was
shown that if G is a subgroup of Sn then µ(G)  n − 1 with equality if and
only if G= Sn (the set of transpositions {(1k): 2  k  n} provides an example
of M(Sn)). The proof in [4] of this result consisted of taking an independent
set inside Sn, deleting an element and considering the group, H , generated by
the remaining elements. It was shown that either µ(H)  n − 3 or else that
µ(H)= n− 2 and that G was necessarily Sn. In this paper, we seek to establish
a comparable results for µ(L2(q)) (as in the Atlas [2], we shall use L2(q) to
denote the projective special linear group PSL2(q)). However, it shall be seen
that, unlike the case of Sn, for a group G  L2(q), it is not necessarily true
that µ(G)  µ(L2(q)). Thus the methodology used to establish µ(L2(q)) is
somewhat different from that for µ(Sn).
The first part of this paper considers L2(p) and proves the following theorem.
Theorem. If G = L2(p) with p prime, then µ(G)  4. Moreover, µ(G) = 3
unless p =±1 mod 8 or p =±1 mod 10.
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Note that it is clear that µ(G) 3, by taking three involutions generating G.
It is shown that µ(G) = 4 is only possible when some H is either S4 or A5,
and hence can only arise when p =±1 mod 8 or p =±1 mod 10. Instances of
µ(G) = 4 are known in cases when some Hi is S4 and in cases when some Hi
is A5. In particular, if p= 7, it is known that L2(7)∼= L3(2) and that the elements(1 1 0
0 1 0
0 0 1
)
,
(1 0 0
0 1 1
0 0 1
)
,
(1 0 0
1 1 0
0 0 1
)
,
(1 0 0
0 1 0
0 1 1
)
form a minimax set for L3(2). In L2(11), the elements(
1 10
2 10
)
,
(
4 1
9 8
)
,
(
4 4
9 8
)
,
(
8 9
5 3
)
were established to be a minimax set heuristically using GAP. It would be
interesting to have a systematic way of constructing such examples.
From the theorem for µ(L2(p)), we then go on to derive the main theorem for
µ(L2(q)); in particular, the following theorem is established.
Theorem. If G= L2(q) with q = pr then µ(G)max(6,π+2) where π = π(r)
is the number of distinct prime divisors of r .
When π + 2 < 6, a little is still known about µ(G); most notably, if q 	= ±1
mod 8 or q 	= ±1 mod 10 then µ(G) π + 3.
As noted earlier, the bound of max(6,π + 2) on the size of the minimax set
may be exceeded by subgroups of L2(q). In particular, Dq±1 is a subgroup of
L2(q) for odd q and it has a minimax size of 1 + π((q ± 1)/2) with π(k) being
the number of distinct prime divisors of k.
The strategy of the proof is thus: an element, gi , is removed from M(G) and
the resulting group, Hi = 〈M(G) \ gi〉, considered. In particular, we consider the
properties which the intersections of pairs of the Hi exhibit and thereby conclude
that the number of Hi must be suitably limited.
As noted above, an independent generating set of size π + 2 can always
be constructed. In particular, let q = pr with r = pr11 pr22 . . .prkk and let σi be
a multiplicative generator for the field Fpei with ei = prii . Then the following
elements clearly form an independent generating set of size π + 2:(
1 1
0 1
)
,
(
1 0
1 1
)
,
(
σ1 0
0 σ−11
)
, . . . ,
(
σk 0
0 σ−1k
)
.
We remark that the same assertions hold for the groups G= PGL2(q), where
the same proof applies.
J. Whiston, J. Saxl / Journal of Algebra 258 (2002) 651–657 653
2. Definitions, notations and construction
Let G= L2(q) and q = pr . Define M(G)= {g1, . . . , gn} to be a minimax set
of G with µ(g)= |M(G)| and Hi = 〈M(G) \ gi〉.
There is a natural isomorphism between PGL2(q) and the group of all Möbius
maps of P1(q)= Fq ∪ {∞} to itself. The restriction of this isomorphism to L2(q)
gives an isomorphism to the group of Möbius maps with a determinant that is
a square in the field (the determinant of the map
z → az+ b
cz+ d
is ad− bc). It is convenient to view L2(q) as permutations of P1(q)= Fq ∪{∞}.
The classes of maximal groups of L2(q) are well known—see, for example,
[3, Chapter 3, Section 6]:
C1: Stabiliser of a point in P1(q);
C2: Dq−1 for q odd and D2(q−1) for q even;
C3: Dq+1 for q odd and D2(q+1) for q even;
C5: subfield group L2(q1). a with a  2;
C6: A4. a with q = p  5 and a  2;
S: A5 if q =±1 mod 10.
Here we use Aschbacher’s division into classes in the left column.
For C5, a = 2 if and only if q is an even power of an odd q1; in the case of C6,
a = 2 if and only if q =±1 mod 8.
For the C5 subgroup to be maximal, q1 = pr/p1 , where q = pr and p1
is a prime divisor of r . Further, it should be noted that for a given q1, the
subgroups of the form L2(q1) within L2(q) form a single orbit under the action
of conjugation by the elements of PGL2(q), as do the maximal subgroups in the
other classes.
3. Point stabilisers
Let C = {H : H <G and H is contained in a subgroup of type C1, C2, or C3}
and F ′q = squares in Fq (note that F ′q = Fq when q is even). We shall call the
subgroups in C point subgroups.
In this section, it shall be established that the intersection of two groups in C
is abelian and that no more than three of the Hi can be in C. It shall be assumed
that q is odd. When q is even, the analysis is almost the same except that all
elements in the field are squares and that the maximal dihedral subgroups are of
the form D2(q±1). Neither of these two facts alters the reasoning of the proof.
We shall consider PGL2(q) as Möbius maps on the set Fq ∪ {∞}. Thus
subgroups in C1 may be viewed as a point stabiliser, C2 as the stabiliser of
654 J. Whiston, J. Saxl / Journal of Algebra 258 (2002) 651–657
a pair {a, b} and C3 as a subgroup of the stabiliser of a pair {a, b} in the group
PGL2(q2) containing our L2(q) naturally. In the final case, the stabiliser of {a, b}
in PGL2(q2) is the group D2(q2−1) which contains the subgroup D2(q+1) and
this is maximal in PGL2(q); thus all the Hi could be considered as subgroups of
PGL2(q2) and the same reasoning would hold.
Lemma 1. If H1 and H2 are in C then their intersection is abelian.
Proof. First assume that the Hi are in C1 ∪ C2. Then each is the stabilizer of
a point or a pair of points in P1(q). Hence the possibilities are (up to conjugation)
that H1 ∩ H2 is in G0,1, G0,{a,b} with a 	= b (but not both distinct from 0 in
general), or G{a,b},{c,d} with a 	= b, c 	= d , and {a, b} 	= {c, d}. Since the stabiliser
of any three points is trivial and the stabiliser of any two points is cyclic, we
deduce that H1 ∩H2 is cyclic or elementary abelian of order 4.
Next consider the general case where the H1 and H2 are in C. Consider the Hi
as subgroups of L2(q2). They both stabilise either a point or a pair of points of
P1(q
2) and so have an abelian intersection by the previous case. ✷
Proposition 2. No more than three Hi can be in C and if three Hi are in C then
µ(G) 3 with Hi ∈ C for i  3.
Proof. It is known that the pairwise intersections of the Hi in C are abelian. Now
suppose that µ(G) 4 with Hi ∈ C for i  3.
Now H1 ∩H2 is abelian and so g4 commutes with gi for i  3. Similarly, by
considering H1 ∩H3 and H2 ∩H3, it is seen that g4 commutes with g2 and g1,
respectively. So g4 ∈ Z(G)= 1 which is a contradiction. ✷
The first theorem follows immediately.
Theorem 3. If G = L2(p) with p prime, then µ(G)  4. Moreover, µ(G) = 3
unless p =±1 mod 8 or p =±1 mod 10.
Proof. Note that the class C5 is empty, since p is prime here. If µ(G) 4, then
by the previous proposition, some Hi is S4 or A5. Since µ(S4)= 3 = µ(A5), the
assertion follows. ✷
As noted in the introduction, µ(G)= 4 is only possible when some Hi is S4
or A5.
4. Subfield groups
In this section, we consider the situation when G = L2(q) but q is no longer
prime, so G has a proper subfield subgroup L2(q1). It shall be assumed that no
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Hi is of type C6 or S as, in such a situation, it is known that µ(A5)= µ(S4)= 3
and so µ(G) 4.
Let G˜= PGL2(q).
Lemma 4. If J1 and J2 are distinct subfield subgroups maximal in G with J1 ∩J2
containing one of L2(q0) (a subfield subgroup, for some q0), A5 or S4 then J1 is
not isomorphic to J2.
Proof. Suppose that J1 is isomorphic to J2 and that J1 ∩ J2 is either L2(q0),
PGL2(q0), A5, or S4. We work in G˜= PGL2(q). Write J˜i =NG˜(Ji).
As J1 ∼= J2, there exists a ∈ G˜ such that J2 = aJ1a−1. Then a(J1 ∩ J2)a−1 
J2 and J1 ∩ J2  J2. Hence there exists b ∈ J˜2 such that ba(J1 ∩ J2)a−1b−1 =
J1 ∩ J2. Then ba normalizes J1 ∩ J2 and so ba ∈NG˜(J1 ∩ J2) J˜2. Thus a ∈ J˜2
and J1 = J2, a contradiction. ✷
Corollary 5. If J1 and J2 are subgroups of G˜ contained in subfield subgroups in
class C5, with J1 ∩ J2 containing L2(q0), A5 or S4 and I1 and I2 are respective
overgroups of class C5 in G˜ that are isomorphic then I1 = I2.
Proof. If I1 and I2 are maximal then just use the previous lemma.
Otherwise, let I ′1 and I ′2 be the largest overgroups of I1 and I2 such that I ′1 ∼= I ′2
but I ′1 	= I ′2. Let J ′ be the smallest subgroup containing I ′1 and I ′2. Thus I ′1 and I ′2
have to be maximal in J ′ for if there is an overgroup of I ′1 in J ′, there is a similar
overgroup of I ′2 and these must be equal and hence J ′. By the previous lemma,
it is deduced that I ′1 = I ′2 which is a contradiction. ✷
Let G= L2(q), M(G)= {g1, . . . , gk}, Hi1...ij = 〈M(G) \ {gi1 , . . . , gij }〉.
Proposition 6. If H1 and H2 are subfield subgroups and H12 contains L2(q0), A5
or S4 then H1 and H2 do not have isomorphic overgroups other than G.
Proof. Suppose J1 and J2 were isomorphic overgroups ofH1 andH2. This would
give J1 and J2 in C5 and J1 ∩ J2  L2(q0), A5 or S4. Then by the previous
corollary, J1 = J2 =G. ✷
Theorem 7. Suppose G= L2(q). Then one of the following holds:
(1) Some Hi or Hij is in the class C6 or S which gives µ(G) 4 or µ(G) 5
π + 4, respectively.
(2) All the Hi are point groups or subfield subgroups, which gives µ(G) π + 3
and, further, if µ(G) 7 then µ(G) π + 2.
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Proof. Let q = pr with r = pe11 · · ·peππ .
Consider the possible situations peculiar to q =±1 mod 8 or q =±1 mod 10.
If some Hi is in class C6 or S then µ(G) 4. Similarly, if Hij is in class C6 or S
then π  1 and µ(G) 5 π + 4. So henceforth it shall be assumed that neither
situation arises and thus Hi and Hij are all in C or in subgroups in C5.
Suppose that H1, H2, and H3 are in C. Then H12, H23, and H13 are abelian.
Therefore g4 ∈Z(G)= 1, and so µ(G) 3.
Suppose H1, H2 are in C and for i  3, Hi is a subfield subgroup. If
some intersection Hr ∩ Hs with r > s  4 is in a group in C then consider
G˜ = 〈M(G) \ gr 〉 and Hi = 〈M(G) \ {gr, gi}〉. Then G˜ is either L2(q ′) or
PGL2(q ′) and three Hi are point groups, so there can only be three Hi . Thus
µ(G)  4  π + 3. If no such intersection exists then for each Hi with i  3,
there is a unique class of maximal subgroups in C5 and so µ(G) π + 2.
Suppose H1 is in C and that for i  2, Hi is a subfield subgroup. For
1  j  π , let Sj be the set of subgroups Hi for which j is minimal subject
to Hi  L2(pr/pj ). The intersection of two groups in any set is a point group in
C and so the intersection of two pairs of groups from two sets (i.e., four groups in
total) is abelian.
Suppose that two sets contain more than one element and H2, H3 ∈ S1 and
H4, H5 ∈ S2. Then H123, H145 and H2345 are all abelian and so g6 ∈ Z(G) = 1.
This gives µ(G) 5 π + 3. Now suppose only one set, S1 say, has more than
one element. If S1 has no more than two elements then µ(G)  π + 2. On the
other hand, if it has three or more elements, say H2, H3, and H4 ∈ S1 then H123,
H124, H234 are all abelian. So g5 ∈Z(G)= 1. Hence µ(G) 4 π + 3.
Thus it may now be assumed that Hi is a subfield subgroup for all i .
For 1 j  π , let Sj be the set of subgroupsHi for which j is minimal subject
to Hi  L2(pr/pj ).
Suppose S1, S2, and S3 have two or more elements and H1, H2 ∈ S1, H3,
H4 ∈ S2, and H5, H6 ∈ S3. The intersection of two groups in any set is in C and
so the intersection of two pairs of groups from two sets (i.e., four groups in total)
is abelian. Considering the possible such intersections gives g7 ∈ Z(G)= 1 and
so µ(G) 6 π + 3.
So assume that only two sets have more than one element. If no set has more
than two elements then µ(G) π + 2. Thus, assume this is not true and that H1,
H2, H3 ∈ S1 and H4, H5 ∈ S2. Then H123, H1245, H1345, and H2345 are all abelian
and so g6 ∈Z(G)= 1. Thus µ(G) 5 π + 3.
Finally, assume only one set has more than two elements. If that set has no
more than three elements than µ(G)  π + 2. Otherwise, take H1, H2, H3,
H4 ∈ S1. As an L2(pr/p1) is an overgroup, any pairwise intersection is a
point group and so H123, H124, H134, and H234 are all abelian. This gives
g5 ∈Z(G)= 1. As π = 1, µ(G) 4 π + 3. ✷
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5. Remarks
In this last section we make a few concluding remarks.
5.1. Cameron and Cara [1] have just announced a classification of minimax
sets of the symmetric groups Sn; see their paper in this volume. It turns out
that these are all related to the Coxeter generating set and other minimax sets
consisting of transpositions. The proof depends on Whiston’s theorem [4]. The
only known proof of Whiston’s theorem depends on the classification of finite
simple groups; it remains desirable to find an elementary proof.
5.2. In his thesis [5], Whiston obtained results similar to ours presented here
for the Suzuki groups Sz(q).
5.3. It would be interesting to have similar results for other simple groups, e.g.
for Ln(2). It is possible that µ(Ln(2))= 2n− 2, with an example of minimax set
being a generalization of the one given above for L3(2).
5.4. One can define a finite group G to be flat if any independent set in G has
size at most µ(G); it is strongly flat if equality can only occur if the independent
set is a generating set. Thus for example nilpotent groups are flat, and by [4], the
symmetric groups are strongly flat. It would be interesting to know which finite
groups are flat, respectively strongly flat.
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